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1 Introduction
It can be interesting to consider Euclidean M5 brane on R × S5 which is conformally
equivalent with R6, since this is the conformal boundary of AdS7 and so we can use the
AdS/CFT correspondence. Dimensional reduction along R is rather tricky since it involves
first making R compact, and further involves Wick rotating time in the 6d theory. Anyhow,
it is expected that this dimensional reduction gives a particular 5d SYM theory on S5.
This 5d SYM theory on S5 has been approached using superconformal Killing spinors
and Scherk-Schwarz reduction, for example, in [1–5]. It seems that a different, but possibly
equivalent, approach to this 5d theory should be also possible, since according to [6], when a
brane is put on a curved space, the field theory that lives on the brane will be automatically
topologically twisted.1 Let us assume that we have Lorentzian time, and put M5 brane on
R×M where M is a generic five-manifold with no isometries.2 Then the M5 brane theory
should be twisted so that the SO(5) R symmetry is identified with the SO(5) subgroup of
the Lorentz group. We then find just one hermitian scalar supercharge Q and we have the
supersymmetry algebra
Q2 = H
where H is the Hamiltonian that generates time translation along R. If the five-manifold
has one isometry, then we have an additional bosonic symmetry generator P that gen-
erates translation along the Killing direction, and acts on the fields as a Lie derivative.
In this case one may expect to find a second hermitian scalar supercharge Q∨, and the
supersymmetry algebra
Q2 = H
(Q∨)2 = H
{Q,Q∨} = −2P (1.1)
There is no reason to expect that this stops here. If M has more isometries, then we may
expect to also find more supersymmetries. However we will not consider these situations
in this paper. Rather we will content ourselves with just one isometry direction on M .
An interesting special case is when M = R×M4. This will correspond to the 5d uplift of
the geometric Langlands twist of 4d MSYM on M4 [9–11]. But the SO(4) twisted theory
we obtain can be put on a larger class of five-manifolds. For the existence of a second
supersymmetry, we need to assume the existence of one Killing vector field vm that has
unit norm. If we define vm = Gmnv
n and wmn = ∇mvn −∇nvm, we then have the Killing
equation ∇mvn +∇nvm = 0 and
vmvm = 1
vmwmn = 0 (1.2)
1The corresponding question in three dimensions has been recently addressed in [7].
2In this paper we will not address the question whether these topologically twisted theories can be
realized as brane configutations in M theory. This question has been addressed in [8].
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where the second equation follows directly from the Killing equation and unit normalization
condition. On the other hand, the condition for a contact manifold is that we have a globally
defined contact form vm such that
mnpqrvmwnpwqr 6= 0 (1.3)
at every point. In this case, vm = Gmnvn that satisfies (1.2) will be a Reeb vector field of
the metric contact manifold, which is uniquely specified by the two conditions (1.2). But
finally, by also requiring that vm is a Killing vector field, we then have a (metric) K-contact
manifold. For our purposes of obtaining an SO(4) twisted gauge theory, we do not need
to assume that vm defines a contact one-form in the first place. The minimal assumptions
we have to make are that vm is a Killing vector field, and that vmvm = 1. So although our
five-manifold can be any K-contact manifold, it appears to us that it can also be something
more general than a K-contact manifold.
A different twist, which is somewhat related to the Donaldson-Witten twist in 4d SYM,
of the abelian M5 brane theory was studied in [12]. The corresponding 5d counterpart of
this twist was studied in [11, 13, 14]. In particular, in [14, 15], it was found that the
5d theory could be put on a K-contact manifold and that the theory localizes to contact
instantons. In this paper we will see that a K-contact structure also appears when we do
the SO(4) twist.
1.1 Wick rotation
We begin by considering M5 brane on R × R5 with Lorentzian time along R. If we fur-
thermore pick one Killing vector on R5, then we can define a Hamiltonian that translates
along that Killing direction rather than along Lorentzian time. Let us first compactify R
to a time-like circle. We assume the metric is
ds2 = −T 2dt2 + dxmdxm
where m = 1, 2, 3, 4, 5 are vector indices on R5, and we impose the identification
t ∼ t+ 2pi
We perform dimensional reduction along this time-like circle [16]. We then obtain 5D SYM
Lagrangian
S =
1
4pi2T
∫
R5
d5x
(
1
4
FmnFmn − 1
2
∂mφA∂mφ
A + fermions
)
(1.4)
on R5 that corresponds to Lorentzian M5 brane on S1 × R5.
We then like to find the corresponding 5D SYM theory that describes Euclidean M5
brane by Wick rotating the Lorentzian time direction. However, there are no real spinors
in Euclidean 6D and no real classical Lagrangian description of Euclidean M5 brane the-
ory. Instead we will define Wick rotation in the 5D theory. For the Lorentzian case, the
requirement of the Lagrangian is that its bosonic part is real, in order to have a unitary
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field theory [17]. Wick rotation should bring the Lorentzian Lagrangian into a positive
quantity, by a suitable choice of integration cycle. It should be such that the real part of
the action goes to plus infinity at the asymptotic infinity of the integration cycle [18].
Since there is no time direction that we can rotate in (1.4) into Euclidean signature
(as the five-manifold R5 it is already of Euclidean signature) we simply need to look for
a suitable integration cycle such that the Lagrangian (1.4) becomes positive definite, and
this will then correspond to the Euclidean M5 brane. Since we have the wrong sign kinetic
terms for the scalar fields while the gauge field part has the right sign kinetic term, we
shall Wick rotate the five scalar fields into the imaginary axis. This Wick rotation also
extends to the case of non-Abelian generalization. If we do the Wick rotation on the
scalar fields, then all the bosonic terms in the non-Abelian Euclidean Lagrangian become
positive definite.
Let us refine the above discussion slightly. In the Lorentzian path integral we have
exp iS and in the Euclidean path integral we have exp−S. Wick rotation of t can be traded
for Wick rotation of T = −iR. Then S ∼ 1T
∫ L will go into S ∼ iR ∫ L. In other words
exp iS = exp iT
∫ L will go into exp iS = exp− 1R ∫ L. Then after Wick rotation we need
to find a new integration cycle where the action
∫ L is positive definite. This is precisely
what we did above, where we found the new integration cycle is along the imaginary axis
for the scalar fields.
1.2 Putting the theory on R times an arbitrary five-manifold
If we like to replace R5 with an arbitrary smooth five-manifold M5, then we shall twist the
M5 brane theory along R5 [6]. The M5 brane theory has SO(1, 5) Lorentz symmetry and
SO(5) R symmetry. The twisting amounts to identifying the SO(5) subgroup of SO(1, 5),
with the R symmetry group SO(5), which in particular means that indices m and A are
identified. The scalar fields after the twist thus become a vector field φm on M5. For
the spinor field that transforms in the representation (4, 4) under SO(1, 5) × SO(5), its
representation is organized as
4× 4 = 1⊕ 5⊕ 10
after the SO(5) twisting. We will denote these tensor components as ψ, ψm and ψmn =
−ψnm respectively, and expand the spinor in this as
ψ =
1
2
(
C−1ψ + γmC−1ψm + γmnC−1ψmn
)
where γm and C are respectively gamma matrices and charge conjugation matrix of SO(5).
(The details are given in appendix A.) The scalar supersymmetry parameter 0 of the
twisted theory, corresponds to the bispinor
 =
1
2
0C
−1
We will denote the associated scalar supercharge as Q.
If the five-manifold has a Killing vector field vm = δm5 , then we say that we make an
SO(4) twist, rather than an SO(5) twist. We decompose m = (i, 5) and we have bosonic
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fields (Ai, a) and (φi, ϕ) with a = A5 and ϕ = φ5. We have fermionic fields as follows. We
have two fermionic scalars ψ, χ where we define χ = ψ5. We have two fermionic vectors ψi
and χi = ψ5i, and finally we have one fermionic tensors ψij that we may decompose into
selfdual and antiselfdual parts. We have a second scalar supersymmetry parameter ′0 that
we define as
′ =
1
2
′0γ
5C−1
We will denote the associated supercharge as Q∨. This case is the 5d uplift of the geometric
Langlands twist in 4d N = 4 SYM [9, 10]. But in 4d we have SO(6) R symmetry that is
split as SO(6) → SO(2) × SO(4) and then the SO(4) is identified with the Lorentz group
in Euclidean signature. After this geometric Langlands twist, we are left with an SO(2)
R symmetry. In 5d we have no R symmetry left after the SO(4) twist since the original
R symmetry is SO(5) instead of SO(6). However we will find that there is a discrete Z2
symmetry that acts by exchanging the two supercharges as Q → Q∨ and Q∨ → Q. Let
us notice that we do not find that Q∨ → −Q with a minus sign. These two supercharges
arises from SO(1, 5) Lorentz group broken down to SO(1, 1) by the SO(4) twist. So our Z2
symmetry should be a subgroup of SO(1, 1) rather than a subgroup of SO(2).
Let us now consider a six-manifold M6 that is a line bundle over a five-manifold M ,
with the metric
ds2 = R2 (dt+ Vmdx
m)2 +Gmndx
mdxn (1.5)
Here Vm is a graviphoton field on M . If we consider a selfdual tensor field in this Euclidean
6d geometry, then this will under dimensional reduction along t down to M , give rise to
the usual Maxwell term, plus the following graviphoton term [19, 20]
Sgraviphoton =
i
8pi2
∫
M
V ∧ Tr (F ∧ F )
The factor of i that appears in the graviphoton term comes from the i of the selfdual-
ity relation ∗H = iH in Euclidean signature. The factor of i is also necessary to have
exp i
8pi2
∫
V ∧ Tr(F ∧ F ) in the path integral, as it should be. One way to argue for that
is by dimensionally reducing to four dimensions where this becomes the theta term that is
2pi periodic.
1.3 Reflection positivity
There is another way to argue for the factor of i in the graviphoton term in Euclidean
signature. This is criterion that the action shall be reflection positive in order to have an
analytic continuation to Lorentzian theory. Since we treat Euclidean time and Euclidean
space directions differently upon dimensional reduction along Euclidean time, we will use
a restricted definition of reflection positivity in the dimensionally reduced theory, saying
that the action of the dimensionally reduced Euclidean theory shall be invariant under
time reversal combined with complex conjugation. If time and space directions are on
equal footing in an Euclidean theory, then we can replace time reversal with parity on the
Euclidean space.
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The Euclidean 6d metric (1.5) is invariant under the Euclidean time reversal t → −t
provided that the graviphoton transforms as
Vm → −Vm
Moreover, since the gauge field Am originates from the two-form potential Bmt in the 6d
tensor multiplet theory, whereas φm origines from scalar fields φ
A, we should have
Am → −Am
φm → φm
under time reversal t→ −t. We then see that iV ∧ Tr(F ∧ F )→ −iV ∧ Tr(F ∧ F ) under
time reversal.3 But then complex conjugation brings it back to iV ∧Tr(F ∧F ) so it will be
reflection positive. Let us notice that by integration by parts, we can write the graviphoton
term in the form idV ∧Q(A) where Q(A) is the Chern-Simons functional, defined such that
dQ(A) = F ∧ F . In [21–23] a complex CS term was found in SO(3) twisted 5d SYM. It
is natural to think that this complex CS term arises from a complexified version of a
graviphoton term in 5d. If that is the case, then by the above transformation rules of the
graviphoton and the complex gauge field Am = Am + iφm → −A¯m under time reversal,
this Chern-Simons term will be reflection positive when the complex CS level q = k + iσ
is real, which means that σ has to be purely imaginary (and k has to be an integer). We
notice that the possibility of having a second branch where σ is purely imaginary instead
of real was found already in [17].
2 Abelian 6d (2,0) theory
There is no twist of 6d (2, 0) theory that can make it a fully topological field theory, since
the R-symmetry group SO(5) is smaller than the Lorentz group SO(1, 5). The best we can
do, is to do a partial topological twist by identifying the SO(5)L subgroup of SO(1, 5) with
the SO(5)R R-symmetry. To describe this twisted theory, we start from untwisted theory
on flat space. We then perform the twist, still on flat space, and finally we find that the
resulting theory can be put on a Lorentzian six-manifold of the form R×M , where M can
be any five-manifold, while preserving one supercharge Q. This supercharge will square to
the Hamiltonian which generates time translation along R.
The abelian 6d (2, 0) tensor multiplet theory on flat R1,5 with Lorentzian metric ηMN =
diag(−1, 1, 1, 1, 1, 1), can be captured by the action
S =
∫
d6x
(
− 1
24
HMNPHMNP − 1
2
∂MφA∂MφA +
i
2
ψ¯ΓM∂Mψ
)
(2.1)
Here HMNP is a non-selfdual tensor field, φ
A are five scalar fields, and ψ are fermions that
are subject to a 11d Majorana condition and 6d Weyl condition. In Lorentzian signature,
3This is not quite true in the non-Abelian case where F = dA− iA2. For this to become true, we may
perform a rescaling such that the YM coupling appears as F = dA− igYMA2. Then we declare that under
the reflection we shall also transform gYM → −gYM .
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the tensor field can be separated into real selfdual and real antiselfdual parts,
HMNP = H
+
MNP +H
−
MNP
and it is only the selfdual piece that belongs to the tensor multiplet. Nevertheless, the
action (2.1) is invariant under the 6d (2, 0) on-shell supersymmetry variations
δBMN = i¯ΓMNψ
δφA = i¯ΓAψ
δψ =
1
12
ΓMNP H+MNP + Γ
MΓA∂Mφ
A (2.2)
On-shell means that these variations form a closed algebra on-shell, but the action is
invariant under these variations without using any equations of motion. If we would use
equations of motion then the action will be stationary and hence invariant under any
variations of course. The supersymmetry variation of the field strength can be expressed as
δHMNP =
i
2
¯ΓQΓMNP∂Qψ
by using the fermionic equation of motion ΓQ∂Qψ = 0. This together with the 6d Weyl
condition of the spinor ψ, shows that the antiselfdual part is invariant, δH−MNP = 0, under
the supersymmetry variation. Nevertheless, we need to keep the H−MNP components in the
action as spectator field components, since otherwise we have troubles to write a covariant
action in a simple way. The supercurrent is given by
jM = − 1
12
¯ΓRSTΓMψH+RST − ¯ΓAΓNΓMψ∂NφA
2.1 The SO(5) twist
We will now perform the SO(5) twist that amounts to identifying the SO(5)R R symmetry
group with the SO(5)L subgroup of the SO(1, 5) Lorentz group. We denote spinor compo-
nents as ψαIi where α is 4-component spinor index of SO(5) ⊂ SO(1, 5), I = +,− is the
spinor index that corresponds to the 6d chirality of the spinor, and i is the 4-component
spinor index of SO(5) R symmetry. We denote vector indices of SO(1, 5) as M = (0,m)
where m is vector index of SO(5)L. Our gamma matrix conventions are collected in ap-
pendix A. After the twist, we have reduced the global symmetry of the theory down to
the diagonal subgroup SO(5)′ =diag[ SO(5)R × SO(5)L], which will be the twisted Lorentz
symmetry. We write the scalar fields φA as φm, and we identify the spinor indices α and i,
both transforming as 4-component spinor under the twisted Lorentz symmetry. In the ap-
pendix B, we show how the 6d Weyl spinor that is subject to the 11d Majorana condition,
is expanded into sixteen real components ψ, ψm and ψmn = −ψnm.
After the twist, the Lagrangian becomes
L = LB + Lφ + L1 + L2
– 7 –
J
H
E
P
0
7
(
2
0
1
5
)
0
1
3
where
LB = 1
8
H0
mnH0mn − 1
24
HmnpHmnp
Lφ = −1
2
∂mφn∂mφn
L1 = iψm∂mψ + 2iψmn∂mψn − i
2
mnpqrψmn∂pψqr
L2 = 1
2
∂0φ
m∂0φm − i
2
(ψ∂0ψ + ψ
m∂0ψm + 2ψ
mn∂0ψmn)
We can also introduce one auxiliary scalar field φ and make the following substitution
Lφ = −1
4
φmnφmn +
1
2
φ2 − φ∂mφm (2.3)
where we define
φmn = ∂mφn − ∂nφm
Integrating out the auxiliary scalar, we find its value as φ = ∂mφm, and by plugging this
back into the Lagrangian we find
Lφ = −1
4
φmnφmn − 1
2
(∂mφm)
2
which is a rewriting of the original term. We can put this Lagrangian on a curved six-
manifold of the form R ×M where time is along R, provided that we understand that
indices are now being raised by the inverse metric Gmn of the five-manifold M . The
ordinary derivatives should be replaced by covariant derivatives ∇m, but in antisymmetric
combinations this is not necessary since ∇mψn −∇nψm = ∂mψn − ∂nψm.
Let us now return to Lφ once more. If we introduce a one-form as φ = φmdxm, and
an inner product of two p-forms a and b as (a, b) =
∫
M d
5x
√
Ga ∧ ∗b, then this term can
be expressed as∫
R
dt
∫
M
d5x
√
GLφ =
∫
R
dt
(
−1
2
(dφ, dφ)− 1
2
(d†φ, d†φ)
)
= −
∫
R
dt
1
2
(φ,4φ)
where 4 = dd† + d†d is the Laplace operator acting on one-forms on M . This form of the
Lagrangian should be useful for quantization since it amounts to computing the functional
determinant of 4 on M .
It is straightforward to obtain the supersymmetry variations that correspond to the
supersymmetry parameter
α−i =
1
2
Cαi
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in the untwisted theory. Here  is a Grassmann odd scalar supersymmetry parameter. The
resulting twisted supersymmetry variations are
δBmn = 2iψmn
δBm0 = −iψm
δφm = −iψm
δφ = −i∂0ψ
δψ = −φ
δψm = −∂0φm
δψmn =
1
2
H+0mn −
1
2
φmn (2.4)
Here we define
H±0mn =
1
2
(
H0mn ∓ 1
6
mnpqrH
pqr
)
± Cmn (2.5)
and from the untwisted theory we have Cmn = 0. But we include this extra term here
because it will be required when we put the theory on a five-manifold that has one isometry
direction, in order to have enhancement to two supercharges.
In a similar way we can obtain the supercurrent in the twisted theory from the super-
current of the untwisted theory. The result is
j0 = ψmn(H+0mn − φmn)− ψφ− ψm∂0φm
jm = −(H+mn0 − φmn)ψn + ψmφ+
1
2
mnpqr(H+0np − φnp)ψqr − 2ψmn∂0φn
If we define δ as the anticommuting supersymmetry variation we get from the commuting
supersymmetry variation δ by removing the fermionic parameter , then j
0 can be neatly
expressed as
j0 = 2ψmnδψmn + ψ
mδψm + ψδψ (2.6)
2.2 The SO(4) twist
Let us return to flat R1,5 and let us now instead view this space as R1,1 × R4. We may
then twist the theory by identifying the SO(4) ⊂ SO(1, 5) that rotates in the R4 part of
the space, with an SO(4) subgroup of the SO(5) R symmetry. We write spacetime indices
as M = (0, i, 5) where i = 1, 2, 3, 4 is vector index in R4. We now find a second scalar
supersymmetry parameter as
α−i =
1
2
(γ5)
αi
where we identify the two SO(4) Dirac spinor indices α and i (with apologies for using
the same index i for both spinor and vector on R4, but after the twist is done, no spinor
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indices will appear anywhere). We then obtain a second set of twisted supersymmetry
variations as
δ∨φ5 = −iψ
δ∨φi = −2iψ5i
δ∨Bi0 = +2iψ5i
δ∨B50 = −iψ
δ∨B5i = −iψi
δ∨Bij = −iijklψkl
δ∨ψ = −∂0φ5
δ∨ψi = (H+0i5 − ∂5φi − ∂iφ5)
δ∨ψ5 = (∂iφi − ∂5φ5)
δ∨ψij = −1
4
ijkl(H
+kl
0 + φ
kl)
δ∨ψ5i = −1
2
∂0φi
Again we can take these variations off-shell by introducing an auxiliary scalar field φ∨
and let
δ∨χ = −φ∨
δ∨φ∨ = −i∂0χ
These are related to the original twisted supersymmetries by a Z2 transformation
BMN ↔ BMN
ψij ↔ −1
2
ijklψ
kl
χi ↔ −1
2
ψi
χ ↔ ψ
φi ↔ −φi
φ ↔ φ∨
In particular then, we have the on-shell values
φ = ∂mφ
m
φ∨ = −∂iφi + ∂5φ5
As we mentioned already in Introduction, we can generalize this SO(4) twist to five-
manifolds that have at least one unit normalized Killing vector vm. We define the cor-
responding one-form and curvature two-form as
vm = Gmnv
n (2.7)
wmn = ∂mvn − ∂nvm (2.8)
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and we thus assume the following conditions
∇mvn +∇nvm = 0 (2.9)
Gmnv
mvn = 1 (2.10)
By using the assumptions (2.9) and (2.10) together with the definitions (2.7) and (2.8), we
obtain the following relations,
wmnv
n = 0 (2.11)
−1
2
∇mwmn = Rmnvm (2.12)
Rmnv
mvn =
1
4
wmnw
mn (2.13)
We use the Killing vector to define the trace parts
ϕ = vmφm
χ = vmψm
χm = v
nψnm
and then we separate the fields into traceless and trace parts,
φm = φ
′
m + vmϕ
ψm = ψ
′
m + vmχ
ψmn = ψ
′
mn + vmχn − vnχm
We use prime to indicate a traceless field.4 We now declare that the Z2 transformations
shall act as
BMN ↔ BMN
ψ′mn ↔ −
1
2
mnpqrψ
′pqvr
χm ↔ −1
2
ψ′m
χ ↔ ψ
φ′m ↔ −φ′m
ϕ ↔ ϕ
4χm is also traceless but we denote it without prime for the notational simplicity.
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which implies that the Z2 symmetry acts on the original fields as
BMN → BMN
ψmn → −1
2
mnpqrψ
pqvr − 1
2
(vmψn − vnψm)
χm → −1
2
(ψm − vmχ)
ψm → −2χm + vmψ
χ → ψ
φm → −φm + 2vmϕ
ϕ → ϕ
φ → φ∨
Acting with these transformations on the first supersymmetry variations, we obtain a
second set of supersymmetry variations as
δ∨φm = −2iχm − ivmψ
δ∨Bm0 = 2iχm − ivmψ
δ∨Bmn = −imnpqrψpqvr − ivmψn + ivnψm
δ∨ψ = −∂0ϕ
δ∨ψm = −vnH+0nm − vn∇nφm − ∂mϕ+ vm∇nφn −
1
2
wmnφ
n
δ∨ψmn = −1
4
mnpqr(H
+pq
0 + φ
pq − 2wpqϕ)vr − 1
2
vm∂0φn +
1
2
vn∂0φm
or by keeping the auxiliary scalar, we have
δ∨φ∨ = −i∂0χ
δ∨χ = −φ∨
δ∨ψm = −vmφ∨ − vnH+0nm − (vn∇nφm + wmnφn)− vn∇mφn + 2vmvn∇nϕ
We can also obtain the variations of the trace parts from the above,
δ∨ϕ = −iψ
δ∨χ = −2vm∇mϕ+∇mφm
δ∨χm =
1
2
vm∂0ϕ− 1
2
∂0φm
2.3 The supersymmetric action
From the closure computation in appendix C, we can partly deduce the form on the
fermionic equations of motion. Requiring these equations are closed under Z2 transfor-
mation, we find the following fermionic equations of motion
∇mψm = ∂0ψ
∇aψb −∇bψa − abmnp∇mψnp − wabχ = 2∂0ψab
∇mψ + 2∇nψnm + vmwnpψnp + 1
2
ψpΩpm = ∂0ψm (2.14)
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where we define
Ωmn =
1
2
mnabcw
abvc
Varying with respect to the first supercharge we get respectively, the following bosonic
equations of motion
∂0 (φ−∇mφm) = 0
∂0(H0
mn +
1
6
mnabcHabc − wmnϕ) = 0(−∂0∂0 −∇n∇n)φm +Rmnφn + 1
2
vmwnpH0
np − vmwab∇aφb +∇p(wpmϕ)
+∇p(H0pm − wpmϕ)− 1
2
∂0φ
ppmabcw
abvc = 0
The fermionic equations of motion (2.14) can be integrated to a Lagrangian
LF = −i∇mψmψ − 2i∇mψnψmn
− i
2
mnabcψmn∇aψbc
−iwmnvpψmnψp − i
2
Ωmnψ
mψn
− i
2
ψ∂0ψ − i
2
ψm∂0ψm − iψmn∂0ψmn
By adding the following bosonic Lagrangian
LB = 1
8
H0
mnH0mn − 1
24
HmnpHmnp
−1
4
φmnφmn − 1
2
(∇mφm)2
−1
2
wmn
(
H+0mn − φmn
)
ϕ+
1
8
wmnwmnϕ
2
+
1
2
∂0φ
m∂0φm − 1
2
Ωmnφ
m∂0φ
n
we find that the combined Lagrangian L = LF +LB becomes invariant under Q supersym-
metry variations, up to boundary terms. Furthermore, the Lagrangian has Z2 symmetry
and is therefore invariant under Q∨ supersymmetry at the same time.
We notice that the gauge field part of this Lagrangian, combined with the mass term
for ϕ,
LBMN =
1
8
H0
mnH0mn − 1
24
HmnpHmnp
−1
2
wmn
(
1
2
H0mn − 1
12
mnabcH
abc +
1
4
wmnϕ
)
ϕ
can be written in the form
LBMN =
1
24
(
3(dB)20mn − (dB + C)2mnp
)
+
1
6
abcmnCabc(dB)0mn
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where we define
Cmnp = −1
2
mnpabw
abϕ
C0mn = 0
This can be compactly rewritten as
LBMN = −
1
4
(|dB + C|2 − 2dB ∧ C) (2.15)
Thus we can identify C as the background three-form potential of 11d supergravity that
couples to the M5 brane selfdual tensor gauge field.
2.4 The Hamiltonian from the Noether procedure
The conserved current associated with time translation that we obtain by applying the
Noether procedure, is given by
(∆t)H = −
∑
Φ
δΦ
∂L
∂∂0Φ
− (∆t)L
where the sum is over all fields in the theory, and ∆t is a small constant parameter. Here δΦ
is the variation of the field under corresponding time translation. To get a gauge covariant
expression, we add an appropriate gauge variation. We thus take
δBmn = −(∆t)H0mn
δφm = −(∆t) ∂0φm
and we compute conjugate momenta to Bmn and φm as
Emn =
1
4
H0
mn − 1
4
wmnϕ
pm = ∂0φ
m +
1
2
Ωmnφn
The conjugate momentum to Bm0 is E
m0 = 0 and the consistency condition of this con-
straint, ∂0E
m0 = 0, gives us the 6d Gauss law
∇m (H0mn − wmnϕ) = 0 (2.16)
which is the Bm0 equation of motion. Using the selfduality equation H
−
0mn = 0, we obtain
the (bosonic part of the) Hamiltonian as
H =
1
4
H0mnH0
mn +
1
4
φmnφmn +
1
2
(∇mφm)2 − 1
2
wmnφmnϕ+
1
2
(∂0φm)
2 (2.17)
This Hamiltonian seems to be indefinite for wmn nonzero, but we shall show below that it
is indeed positive semidefinite.
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2.5 The Hamiltonian from the supercurrent
We have two supercharges Q and Q∨ and we can form any linear combination of these
Q = aQ+ bQ∨
with real parameters a and b and it will again be a supersymmetry of the theory. We can
compute its square. Using the supersymmetry algebra (1.1), we get
Q2 = (a2 + b2)H − 2abP
Since Q is hermitian when a and b are real, we also have that the left-hand side is greater
than or equal to zero. Hence we have a BPS bound
H ≥ 2|ab|
a2 + b2
|P |
We have the supercurrent component
j0 = ψδψ + ψmδψm + 2ψ
mnδψmn
The Hamiltonian is given by
2H = δj0
where δ is defined as the the supersymmetry variation with the supersymmetry parameter
removed so that δ is anticommuting. This splits into a bosonic part HB and a fermionic
part HF as H = HB +HF where
2HB = δψδψ + δψ
mδψm + 2δψ
mnδψmn
2HF = −ψδ2ψ − ψmδ2ψm − 2ψmnδ2ψmn
Here the minus sign in HF comes from that δ is anticommuting. Explicitly we get
2HB = ∂0φ
m∂0φm +
1
2
(
H0
+mn − φmn) (H+0mn − φmn)+ (∇mφm)2
2HF = −2iψm∇mψ − 4iψmn∇mψn + imnabcψmn∇aψbc
− i
2
pmabcw
abvcψmψp − 2iwmnχψmn
To obtain HF we have used the fermionic equations of motion (2.14) along with the closure
relation δ2 = i∂0.
By making a Z2 transformation of j0, we get
j0∨ = ψδ∨ψ + ψmδ∨ψm + 2ψmnδ∨ψmn
We can now also form the linear combination
J 0 = aj0 + bj0∨
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very easily. We then can obtain Q2 by computing (aδ+bδ∨)J 0, from which we can extract
H and P . If we put the fermions to zero and if we define
Vmn(t) =
(
aδ + bδ∨
)
ψmn
Vm(t) =
(
aδ + bδ∨
)
ψm
V (t) =
(
aδ + bδ∨
)
ψ
then we have
(aδ + bδ∨)J 0 = 2V mn(t)Vmn(t) + V m(t)Vm(t) + V (t)2
and we get the identity
1
2(a2 + b2)
∫
d5x
√
G
(
2V mn(t)Vmn(t) + V
m(t)Vm(t) + V (t)
2
)
= H − 2ab
(a2 + b2)
P
By defining
a = u+ v
b = u− v
and
t =
v
u
this relation seems to be a generalization of equation (3.33) in [10]. In particular we can
find the combinations
ab
a2 + b2
=
1
2
t−1 − t
t−1 + t
u2
a2 + b2
=
1
2
t−1
t−1 + t
v2
a2 + b2
=
1
2
t
t−1 + t
which agree with the coefficients that were chosen in [10].
The BPS bound can now be saturated by putting fermions to zero, and by solving the
supersymmetric equations Vmn(t) = 0, Vm(t) = 0 and V (t) = 0. However, solving just
these equations alone will not be enough since we also have to satisfy the 6d Gauss law
constraint (2.16). We extract from δj0 that the bosonic part of the Hamiltonian is given by
H =
1
2
(∂0φm)
2 +
1
4
(
H+0mn − φmn
)2
+
1
2
(∇mφm)2
When we expand out the square in the second term we find a term −12H+0mnφmn. By inte-
grating by parts, we can write this term as (∇mH+0mn)φn. We next use the Gauss law plus
selfduality in the form ∇mH+0mn = ∇m(wmnϕ), and perform a subsequent integration by
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parts. We end up with −12wmnϕφmn, agreeing with (2.17). To proceed further, we separate
φm = φ
′
m + vmϕ. We then find that we can write the Hamiltonian in the following form
H =
1
2
(∂0φ
′
m)
2 +
1
2
(∂0ϕ)
2 +
1
4
(
H+0mn − wmnϕ− vn∇mϕ+ vm∇nϕ
)2
+
1
4
(∇mφ′n −∇nφ′m)2 + 12 (∇mφ′m)2 + 12 (vm∇mϕ)2 (2.18)
In this form it is manifest that the Hamiltonian is invariant under the Z2 symmetry φ′m →
−φ′m and ϕ→ ϕ.
Taking ab = 0, we find the BPS equations
H+0mn − wmnϕ− vn∇mϕ+ vm∇nϕ = 0
∇mφ′n −∇nφ′m = 0
∇mφ′m = 0
vm∇mϕ = 0
∂0φm = 0
while setting all the fermionic fields to zero. On these solutions the Hamiltonian is zero.
Applying Gauss law on the first equation, we get
∇m∇mϕ = 0
3 Topological 5d SYM on an arbitrary five-manifold
So far we have considered two different twists of the 6d theory, on R ×M where M for
the first SO(5) twist was arbitrary and for the second SO(4) twist it had a unit normalized
Killing vector vm. Working in 6d has the advantage that the Hamiltonian has a clear
interpretation. If we perform ‘dimensional reduction’ by putting time derivatives to zero,
then we get an ‘Euclidean’ 5d SYM theory on M . Since we no longer have a physical
time direction, the Hamiltonian from this 5d point of view becomes obscure. Of course the
disadvantage is that in 6d we do not know the nonabelian generalization.
We will now obtain the Euclidean 5d theories that correspond to Lorentzian 6d theories
for SO(5) and SO(4) twists respectively. We thus reduce along Lorentzian time. We also
generalize to nonabelian gauge group under which all the fields transform in the adjoint
representation. In 5d we have a vector potential Am. By the SO(5) twist, we also have a
scalar vector field φm. We find it convenient to define the combinations
Am = Am − φm
A¯m = Am + φm
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By looking at the 6d supersymmetry variations (2.4), it is easy to guess that that we shall
have the following 5d, nonabelian, supersymmetry variations
δA¯m = −2iψm
δAm = 0
δφ = 0
δψmn =
1
2
Fmn
δψm = 0
δψ = −φ
Indeed these variations close off-shell and they are nilpotent
δ2 = 0
when acting on any of the fields. We will denote the associated supercharge as Q. Let
us define
DmΦ = ∇mΦ− i[Am,Φ]
where ∇m is a metric connection covariant derivative, so by taking Φ to be a scalar field
with no vector indices m,n, . . . this derivative becomes
DmΦ = ∂mΦ− i[Am,Φ]
On this adjoint scalar field we define the action of the corresponding field-strength by
[Dm,Dn]Φ = −i[Fmn,Φ]
which, in the form notation, becomes
D ∧D = −iF
Explicitly we get
Fmn = Fmn − φmn − i[φm, φn]
F¯mn = Fmn + φmn − i[φm, φn]
where we define
φmn = Dmφn −Dnφm
with
Dmφn = ∇mφn − i[Am, φn]
The supersymmetric Lagrangian is given by
L = L0 + L1
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where
L0 = Tr
[
1
4
F¯mnFmn + 1
2
φ2 − φDmφm
+ iψmDmψ + iψmn
(D¯mψn − D¯nψm) ]
L1 = −Tr
[
i
2
mnpqrψmnDpψqr
]
The first part of the Lagrangian can be expressed in terms of a fermionic quantity
V = Tr
[
1
2
F¯mnψmn − 1
2
φψ − φmDmψ
]
as
L0 = {Q,V }
The remaining term does not depend on the metric. Hence the stress tensor will be Q-exact
and the theory will be topological.
The bosonic part of the Lagrangian can be rewritten as
Lboson = Tr
[
1
4
F¯mnFmn − 1
2
(Dmφm)2
]
by integrating out the auxiliary field φ. Furthermore
1
4
F¯mnFmn = 1
4
FmnFmn − 1
4
[φm, φn][φm, φn]− 1
4
φmnφmn − i
2
Fmn[φm, φn]
where
1
4
φmnφmn =
1
2
DmφnDmφn − 1
2
DmφnDnφm
Also note that
1
2
(Dmφm)2 = 1
2
(Dmφm)
2
Now by integrations by parts and commuting two covariant derivatives, we can write
DmφnD
nφm = (Dmφm)
2 + φm[Dm, Dn]φ
n
where we ignore the total derivative terms on the right hand side. The commutator acting
on any vector field Φn can be expressed as
[Dm, Dn]Φ
n = [∇m,∇n]Φn − i[Fmn,Φn] = −RmnΦn − i[Fmn,Φn] (3.1)
Thus collecting all the terms, the bosonic part of Lagrangian becomes
Lboson = Tr
[
1
4
FmnF
mn − 1
2
DmφnD
mφn − 1
2
Rmnφ
mφn − 1
4
[φm, φn][φ
m, φn]
]
(3.2)
In flat space this corresponds to the Lagrangian we get by dimensional reduction of ten di-
mensional YM Lagrangian with SO(5, 5) Lorentz symmetry along 5 timelike directions [16].
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4 Five-manifold with one isometry
We now assume the existence of a unit normalized Killing vector field vm on M , and as
before in 6d, we again define trace parts of our fields as
ϕ = vmφm
χ = vmψm
χm = v
nψnm
and then we separate our fields into traceless and trace parts as follows
φm = φ
′
m + vmϕ
ψm = ψ
′
m + vmχ
ψmn = ψ
′
mn + vmχn − vnχm
In presence of a Killing vector we shall require the existence of a Z2 symmetry that
acts on the fields as
ψ ↔ χ
ψ′m ↔ −2χm
ψ′mn ↔ −
1
2
mnpqrψ
′pqvr
ϕ ↔ ϕ
φ′m ↔ −φ′m
The Z2 leaves Am unchanged, and so there is no need to separate Am into traceless and
trace parts.
4.1 The bosons
The first and the last term in (3.2) are Z2 invariant. The third term in (3.2) is expanded as
Tr
[
− 1
2
Rmnφ
mφm
]
= Tr
[
− 1
2
Rmnφ
′mφ′n − 1
2
Rmnv
mvnϕ2 −Rmnvmφ′nϕ
]
(4.1)
where only the last term is not Z2 invariant. It remains to analyze the second term in (3.2).
By expanding this out, we find
Tr
[
− 1
2
DmφnD
mφn
]
= Tr
[
− 1
2
(
Dmφ
′
nD
mφ′n +DmϕDmϕ+
1
4
wmnw
mnϕ2
)
−wmnDmφ′nϕ−
1
2
(∇mwmn)φ′nϕ
]
where we ignore the total derivative contribution. The terms in the second line are not Z2
invariant but its last term cancels against the Z2 non-invariant term in (4.1) upon using
the relation (2.12). Therefore we conclude that only the following contribution
−Tr
[
wmnDmφ
′
nϕ
]
is not Z2 invariant.
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4.2 The fermions
We first expand the Lagrangian as
Tr
[ (
iψ′mDmψ − 2iχmDmχ
)
+
(
2iψ′mnDmψ′n − 2imnpqrvmχnDpψ′qr
)
+ (ivmχDmψ) +
(
2ivmχnDmψ
′
n
)− (2ivnχmDmψ′n)
−
(
i
2
mnpqrψ′mnDpψ
′
qr
)
− (ψ′m[φ′m, ψ] + 2χm[φ′m, χ])− (χ[ϕ,ψ]) + (2χn[ϕ,ψ′n])
+
(
2ψ′mn[φ′m, ψ
′
n]− 2mnpqrχn[φ′p, ψ′qr]vm
)
+
(
1
2
mnpqrψ′mn[ϕ,ψ
′
qr]vp
)
+ iψ′mnwmnχ− imnpqrvmwpqχnχr
]
and we find that the last line is Z2 non-invariant. The term in the third line is Z2 invariant
but showing that is not that straightforward. To see this, let us first introduce a notation
ψ˜′mn = −
1
2
mnabcψ
′abvc
Using this definition, one can show that
mnabcψ˜′mnDaψ˜
′
bc = 
mnabcψ′mnDaψ
′
bc + 
mnabcψ′mpw
p
nψ
′
abvc
The second term then can be written in a Z2 invariant form as
+2ψ′m pwpqψ˜′qm = ψ
′m
pw
pqψ˜′qm + ψ˜
′m
pw
pqψ′qm
Therefore we can write the third line in a manifestly Z2 invariant form as
i
2
mnpqrψ′mnDpψ
′
qr =
i
4
mnpqrψ′mnDpψ
′
qr +
i
4
mnpqrψ˜′mnDpψ˜
′
qr
− i
4
ψ′m pwpqψ˜′qm −
i
4
ψ˜′m pwpqψ′qm
Collecting all the non-invariant terms, we have
LBose+Ferminoninvariant = Tr
[
− 1
2
wmnφ′mnϕ+iw
mnψ′mnχ−imnpqrvmwpqχnχr
]
We can write this in the following form
LBose+Ferminoninvariant = −∆L+ Linv
with
∆L = −
{
Q,Tr
[
wmnψmnϕ+
1
4
mnpqrvmwpqψnφr
]}
(4.2)
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where we have gathered all non-invariant terms into a Q-exact term, and the rest
Linv = Tr
[
− 1
2
wmn (Fmn−i[φm, φn])ϕ+ 1
2
wmnw
mnϕ2−imnpqrvmwpq
(
χnχr+
1
4
ψnψr
)]
(4.3)
is invariant.
To get a Z2 invariant Lagrangian, we add the Q-exact term ∆L in (4.2) to the La-
grangian that will be also invariant under the Q supersymmetry. But that implies that
it will also be invariant under the new supersymmetry that we will denote as Q∨ that is
obtained by transforming the fields in the original Q transformation laws by the Z2 sym-
metry.
For later use, we here write down the full bosonic part of the resulting Z2 invariant
Lagrangian,
LB = Tr
[
1
4
FmnFmn − 1
4
φ′mnφ′mn −
1
2
(Dmφ′m)
2 − i
2
Fmn[φ′m, φ
′
n]
−1
2
DmϕDmϕ− 1
4
[φ′m, φ′n][φ′m, φ
′
n]−
1
2
[ϕ, φ′m][ϕ, φ′m]
+
1
4
wmnwmnϕ
2 − 1
2
wmn
(
Fmn − i[φ′m, φ′n]
)
ϕ
]
(4.4)
where we define φ′mn = Dmφ′n −Dnφ′m, and the full Z2 invariant fermionic Lagrangian,
LF = Tr
[
iψmDmψ + 2iψmnD¯mψn
− i
2
mnpqrψmnDpψqr
−iwmnψmnχ− i
4
mnpqrvmwpqψnψr
]
(4.5)
Let us notice that the bosonic part of the Lagrangian can be recast in the following
form
LB = Tr
[
1
4
F˜mnF˜mn
−1
4
φ′mnφ′mn −
1
2
(Dmφ′m)
2
−1
2
DmϕDmϕ− 1
2
[ϕ, φ′m][ϕ, φ′m]
]
(4.6)
where we introduce a background two-form Bmn = −wmnϕ − i[φ′m, φ′n] and the gauge
covariant field strength
F˜mn = Fmn +Bmn
In this form, we can understand this Lagrangian, at least for abelian gauge group, as the
dimensional reduction of the 6d Lagrangian by putting time derivatives to zero. More
precisely, the tensor piece (2.15) of the 6d Lagrangian should reduce to the YM term
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1
4 F˜
mnF˜mn (although this we can not directly see because our 6d Lagrangian involves a
nonchiral tensor field, but is a consequence of supersymmetry), and then the rest of the 6d
Lagrangian can be reduced by simply putting time derivatives to zero on the fields. This
dimensional reduction gives us
LB = 1
4
F˜mnF˜mn − 1
4
φ2mn −
1
2
(∇mφm)2 − 1
4
w2mnϕ
2 +
1
2
wmnφmnϕ
that, we can show, agrees with (4.6) for abelian gauge group.
Let us finally notice that the 5d Lagrangian does not agree with the 6d Hamilto-
nian (2.18) when we put time derivatives to zero there.5 We will address this problem in
the rest of this paper, but we will not be able to solve this problem in Lorentzian signature.
We will solve the problem only in Euclidean signature, or for Wick rotated scalar fields
in 5d.
5 The supersymmetry algebra
In this section, we would like to work out the supersymmetry algebra with the two super-
symmetries. Let us begin by decomposing the first supersymmetry variation as
δφ′m = −iψ′m
δϕ = −iχ
δAm = −iψ′m − ivmχ
δφ = 0
δχm =
1
2
vnFnm
δψ′mn =
1
2
F ′mn
δψ′m = 0
δχ = 0
δψ = −φ
where φ = Dmφm. The corresponding conserved supercurrent is
jm = Tr
[
−Fmn (ψ′n + vnχ)+ φ (ψ′m + vmχ)+ 12mabcdFab (ψ′cd + 2vcχd)
]
whose form is not affected by the presence of the additional correction term (4.2) in the
Lagrangian. Since the improved Lagrangian is Z2 invariant, one can map these variations
5The detailed reasoning of comparing the 5d Lagrangian to the 6d Hamiltonian putting time derivative
terms to zero will be explained at the beginning of section 8.
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by the Z2 transformation into a second supersymmetry variation
δ∨φ′m = −2iχm
δ∨ϕ = −iψ
δ∨Am = 2iχm − ivmψ
δ∨φ∨ = 0
δ∨χm = 0
δ∨ψ′mn = −
1
4
mnabcF ′∨abvc
δ∨ψ′m = −vnF∨nm
δ∨χ = −φ∨
δ∨ψ = 0
Here we define φ∨m = −φ′m + vmϕ and φ∨ = Dmφ∨m. Utilizing the Z2 transformation
further, the corresponding supercurrent can be identified as
j∨m = Tr
[
−F∨mn (−2χn + vnψ) + φ∨ (−2χm + vmψ)−F∨ab
(
ψ′abvm + 2ψ′mavb
)
+
1
2
mabcdF∨ab ψ′c vd
]
5.1 Anti-commutator of two supercharges
Since we know that δ2 = 0 formally,6 one has δ∨2 = 0 as it should be due to the Z2
symmetry of our Lagrangian. Below we shall find that { δ, δ∨} acting on the fields generates
a translation along the Killing vector direction vm up to some gauge transformation. Since
our fields are in general tensors in the five space, the translation is in general generated
by the Lie derivative Lv along the vm direction. In showing this algebra, we find that one
needs equations of motion for some cases. Since the equations of motions are affected by
the improved terms, this computation will justify the correctness of the improved term to
some extent. Below we shall illustrate the computation of { δ, δ∨} focusing on the cases
where the equations of motion are necessary.
Let us record here the equations of motion first: they reads
DmF¯mn + D¯nφ+ 2{ψn, ψ} − nabcd{ψab, ψcd} − v
n
2
Fpqwpq − 2Dm(wmnϕ) = 0 (5.1)
D¯mFmn −Dnφ+ 4{ψm, ψnm}+ v
n
2
Fpqwpq = 0 (5.2)
φ−Dmφm = 0 (5.3)
and the fermionic are
Dnψ + 2D¯mψmn + vnwpqψpq + 1
2
ψmmnabcw
abvc = 0 (5.4)
D¯mψn − D¯nψm − mnpqrDpψqr − wmnχ = 0 (5.5)
Dmψm = 0 (5.6)
6There is an extra central term contribution, which will be identified shortly.
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Let us begin with the case of ψ: using the rules of supersymmetry transformation,
one finds
{ δ, δ∨}ψ = ivmDmψ + 2iD¯mχm
Now we contract vn on eq. (5.4) and obtain
vnDnψ = 2D¯mχm
It should be noted that, in this computation, the third term of (5.4) is essential, which is
from the improved term required by the Z2 symmetry. Using this equation, one finds
{ δ, δ∨}ψ = 2ivmDmψ = 2i(Lvψ − i[Λ, ψ])
where the gauge parameter is given by Λ = a − ϕ with a = vmAm. Hence we conclude
that the anticommutator of the two supercharges generates the translation together with
the gauge transformation by a gauge parameter Λ. In addition, one can say that the
improved term plays the role which makes the equation of motion in the right form for the
generation of the translation. For the case of χ, again one needs the equations of motion:
by a straightforward computation, one finds
{ δ, δ∨}χ = ivmDmχ− iD¯mψ′m = 2i(Lvχ− i[Λ, χ])
where we used (5.6) for the second equality. The third is for the case of ψ′mn: without
using the equation of motion, one finds
{ δ, δ∨}ψ′mn = 2i
(
(Dmχn −Dnχm)′ + 1
2
mnabcD¯aψ′b vc
)
where the extra prime denotes a transverse part of the tensor inside the parenthesis. Us-
ing (5.5), one finds
{ δ, δ∨}ψ′mn = 2i(Lvψ′mn − i[Λ, ψ′mn])
where again the improved term plays an essential role for this to generate the translation.
For the rest of the fields, the equations of motion are not necessary to show the above:
namely one can show that
{ δ, δ∨}a = 2i(Lv a− vmDmΛ)
and
{ δ, δ∨}A′m = 2i(Lv A′m −D′mΛ)
for the case of the gauge fields. For the further remaining non gauge fields which we
collectively denote by Φ , one finds
{ δ, δ∨}Φ = 2i(Lv Φ− i[Λ,Φ])
without using any equations of motion.
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6 BPS equations and 4D instantons
We can obtain BPS equations by putting fermions to zero and a certain linear combination
of the supersymmetry variations of fermions to zero. That is, by putting
(δ + αδ∨)ψmn = 0
(δ + αδ∨)ψm = 0
(δ + αδ∨)ψ = 0
Thus the BPS equations will depend on one parameter α. These BPS equations should be
supplemented by the 6d Gauss law which in 5d is the equation of motion for Am.
Let us first show that the BPS equations together with the 6d Gauss law constraint
imply that the full equations of motion are obeyed automatically. The 6d Gauss law
constraint refers to the equation of motion following from adding (5.1) and (5.2), and
reads explicitly
Dm (Fmn − wmnϕ) = i[φ′m, Dnφ′m] + i[ϕ,Dnϕ] (6.1)
and we shall refer to its trace part
vnDm (Fmn − wmnϕ) = i[φ′m, vnDnφ′m] + i[ϕ, vnDnϕ] (6.2)
as 5d Gauss law constraint. Let us begin with the α = 0 case. The BPS equations read
Dmφm = 0
Fmn = 0
while setting all the fermion fields to zero. Then one finds that (5.2) is trivially satisfied
with the BPS equations. Thus with the 6d Gauss law constraints the full equations of
motions are obeyed.
For nonzero values of α, the BPS equations read
Dmφm = D
mφ∨m = 0
vnFnm = vnF∨nm = 0 (6.3)
as well as
F ′mn =
α
2
mnpqrF∨pq vr (6.4)
while setting all the fermion fields to zero. First we note that
D¯mFmn = D¯mF ′mn = α
4
mnpqrF∨pq wmr (6.5)
where we used the fact Fmn = F ′mn on the BPS equations and
mnpqr(D¯mF∨pq) vr = 0
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This last identity follows from the fact
F∨mn = F¯mn − 2D¯m(vnϕ) + 2D¯n(vmϕ) (6.6)
together with the Bianchi identity. The BPS equation (6.4) can also be presented as
F ′∨mn = F∨mn =
1
2α
mnpqrFpq vr
Inserting this into the right side of (6.5), we find
D¯mFmn = −v
n
2
wpqFpq
which agrees with (5.2) with φ = 0. For this case, it is straightforward to show that the
5d Gauss law constraint is reduced to
wmn
(Fmn + F¯mn − 2wmnϕ) = 4DmD¯mϕ (6.7)
while the traceless part of the 6d Gauss law constraint is automatically satisfied once the
BPS equations are obeyed.
The α = ∞ case can be treated by the Z2 transformed version of α = 0 case leading
to the same conclusion.
6.1 4D instantons
In this section we would like to study BPS equations describing 4D instantons of the Z2
invariant system. To be specific, we shall assume the metric
ds2 = (dx5 + vidx
i)2 + gijdx
idxj
where vi and the four metric gij are independent of x
5 coordinates. The Killing vector
is then explicitly given by vm = (0, 0, 0, 0, 1) or by vm = (vi, 1). We have the metric
component G55 = 1, Gi5 = vi and the inverse metric has components
G55 = 1 + gijvivj
Gi5 = −gijvj
Gij = gij
together with
√
G =
√
g. The (anti) instanton BPS equations can be obtained by setting
(Q±Q∨) variation of the fermionic fields to zero, from which one finds
Dmφm = D
mφ∨m = 0
vnFmn = vnF∨mn = 0 (6.8)
as well as
F ′mn = ±
1
2
mnpqrF ′∨pq vr (6.9)
which should be supplemented by the reduced 5d Gauss law constraint (6.7).
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Assuming φm = Amv
m = 0 and ∂5 = 0, the above set of BPS equations are reduced
to the usual 4d (anti) self-dual equation
Fij = ±1
2
ij
kl Fkl
where indices are raised or lowered by 4d metric gij . But compared to the usual case of 4d
instantons, we have an additional constraint (6.7)
wij F
ij = 0 (6.10)
which comes from the 5d Gauss law constraint (6.2) together with the BPS equations.
Hence the usual 4d (anti) instanton solutions cannot be solutions of our system unless this
additional requirement holds.
Especially considering the case of S5, one has
wmn =
1
2
mnabcw
abvc
or, in the 4d notation, wij is self-dual as
wij =
1
2
ij
kl wkl
Hence self-dual instanton solutions are not favored due to this extra constraint whereas
the anti self-dual ones are completely free of it. Further study is required for the detailed
structure of nature of instantons.
The discussion so far is a bit unsatisfactory since we have not identified the Hamiltonian
and its BPS bound, or identified the BPS solutions as saddle points of the Euclidean
Lagrangian. Now the Lagrangian is indefinite if we take φm real, but this can be cured by
Wick rotating the integration contour to the imaginary axis. But in that case we get an
imaginary term in the Lagrangian
Lw = i
2
Tr
[
wmn
(
Fmn + i[φ
′
m, φ
′
n]
)
ϕ
]
(6.11)
This is however reflection positive: under time reversal we have Fmn → −Fmn and
i[φ′m, φ′n] → i[φ′m, φ′n] and by a subsequent complex conjugation we see that the combi-
nation i (Fmn + i[φ
′
m, φ
′
n]) is invariant. But since the term is imaginary, it is not clear what
it shall mean to find saddle points of the Lagrangian. We also have not shown that these
(selfdual or antiselfdual) instantons are the most general BPS solutions that carry nonzero
instanton number. We will address and answer all these questions below.
7 Time along vm and corresponding charges
We will now assume that Euclidean time is along the Killing vector vm. This enable us to
derive conserved charges directly in the 5d theory. In particular there will be a Hamiltonian
that generates translation along vm. This Hamiltonian can be obtained in two ways. One
way is by making supersymmetry variations of the supercurrents. The other way is to use
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the Noether method. Below we shall find that the two results agree with each other as
required by the consistency of our formulation. Since the computation is based on the fairly
standard field-theoretic methods starting from the Lagrangian of the system, we shall only
sketch its procedure and omit details of derivation.
First we obtain the following supersymmetry variations of the supercurrents,
δ jm = Tr
[
1
4
mabcdFabFcd
]
(7.1)
δ∨j∨m = Tr
[
1
4
mabcdF∨abF∨cd
]
(7.2)
δj∨m = Tr
[
− 1
2
vmF∨abF ′ab + vpF∨mnFpn + vpF ′mnF∨pn
+
(F∨mnφ+ Fmnφ∨) vn − vmφ∨φ]+ 2JmF (7.3)
δ∨jm = Tr
[
− 1
2
vmFabF ′∨ab + vpFmnF∨pn + vpF ′∨mnFpn
+
(Fmnφ∨ + F∨mnφ) vn − vmφφ∨]+ 2J∨mF (7.4)
where JmF and J
∨m
F are the contributions involving fermion fields. By writing
F ′mn = Fmn − vmFn + vnFm
and by using cyclicity of trace, we see that
δ j∨m = δ∨jm = Tr
[
− 1
2
vmFabF∨ab + vpFmnF∨pn + vpF∨mnFpn
+
(Fmnφ∨ + F∨mnφ) vn − vmφ∨φ]+ 2JmF
where the equality works for the purely bosonic contributions as well as for those involving
fermionic fields. From this we identify the Hamiltonian current Jm as
Jm = Tr
[
1
2
vpFmnF∨pn +
1
2
vpF∨mnFpn + 1
2
(Fmnφ∨ + F∨mnφ) vn
−vm
(
1
4
FabF∨ab + 1
2
φ∨φ
)]
+ JmF
which can be shown to be conserved on shell.
The second method is based on the Noether procedure. We first note that our Z2
invariant Lagrangian possesses the translation symmetry defined by δvΦ = LvΦ + δΛΦ
where δΛ denotes the gauge transformation by the gauge parameter Λ = a− ϕ. Then the
Hamiltonian current Jm can be precisely reproduced by using Noether’s procedure.
Now let x5 as a coordinate along the Killing vector direction defined by
∂
∂x5
= v (7.5)
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and the remaining coordinates along the base four manifold as xi (i = 1, 2, 3, 4). Then
from (7.3) and (7.4), one can read off the supersymmetry algebra as
{Q, Q∨} = −2H
where the Hamiltonian is given by
H = −
∫
M4
d4x
√
g J5
where g = G is the metric on the five-manifold with a Killing vector (7.5), which thus is
equal to the metric on the contact plane. This is conserved (i.e. independent of x5 coordi-
nate), which is ensured by the covariant conservation of the current ∇mJm = 0 when the
contact plane M4 is compact, or more generally when the boundary term
∫
M4
d4x∂i(
√
gJ i)
is zero.
Now let us turn to the supersymmetry algebra related to (7.1) and (7.2); both currents
appearing in the right hand side are identically conserved without resorting to any equations
of motion. Then the corresponding supersymmetry algebra is identified as
{Q, Q} = 2Z, {Q∨, Q∨} = 2Z∨
with central charges
Z =
1
4
∫
M4
d4x ijklTr
[
FijFkl
]
Z∨ =
1
4
∫
M4
d4x ijklTr
[
F∨ijF∨kl
]
Below we shall verify that
Z = Z∨ =
1
4
∫
M4
d4x ijklTr
[
FijFkl
]
(7.6)
when M4 is closed. This central charge is then counting the instanton number of 4d
configurations. In more detail, let us first note
ijklTr
[
FijFkl
]
= ijklTr
[
(Fij − 2Diφj − i[φi, φj ]) (Fkl − 2Dkφl − i[φk, φl])
]
= ijklTr
[
FijFkl
]
+∇iKi
where
Ki = 4ijklTr
[
φjDkφl +
2i
3
φkφjφl − φjFkl
]
The integral of the total derivative term ∇iKi can be non-zero on a noncompact five-
manifold. This was analyzed in [24]. Since Ki is gauge invariant and globally defined, on
a compact five-manifold the total derivative term can not give any non-vanishing contri-
bution, and we just have the pure instanton number. In a similar manner, one has
ijklF∨ijF∨kl = ijkl
(
Fij − 2Diφ∨j − i[φ∨i , φ∨j ]
) (
Fkl − 2Dkφ∨l − i[φ∨k , φ∨l ]
)
= ijklFijFkl +∇iK∨i
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where again K∨i is a globally defined gauge invariant quantity which may be obtained by
replacing φk dependence of K
i by φ∨k . Hence the central charge in this case simply counts
the instanton number associated with the gauge bundle of M4.
7.1 A comment on the Majorana condition
We see that if Q is hermitian, then Q2 ≥ 0 which would imply that the instanton number
is positive definite. This seems strange, and we will now show that the supersymmetry
algebra itself is inconsistent if we impose the wrong Majorana condition of the supercharges
to be associated with having x5 as time direction.
Let us first consider the usual supersymmetry algebra in 1 + 1 dimensions with metric
g00 = −1, g11 = 1, g01 = 0 and with gamma matrices γ0 = iσ2, γ1 = σ1 and charge conju-
gation matrix C = γ0 in the Majorana representation. If we impose Majorana condition
on the supercharges, Q†± = Q±, then we have the supersymmetry algebra
{Q±, Q±} = 2 (H ∓ P )
where by positivity of the left-hand side, we see that H is the positive semidefinite Hamito-
nian generating translations along x0 and P is the indefinite momentum generating trans-
lations along x1 and we have the BPS bound H ≥ |P |. We can realize this supersymmetry
algebra explicitly by a (1, 0) sigma model, in which case we have
Q± = i
∫
dx1ψi± (∂0 ± ∂1)Xi
H =
∫
dx1
1
2
(
(∂0X
i)2 + (∂1X
i)2
)
P =
∫
dx1∂0X
i∂1X
i
If we instead take x1 as time direction in this sigma model, and use the same Majorana
representation as before, and assume that supercharges are Majorana as before, then we
find the supersymmetry algebra
{Q±, Q±} = 2 (P ∓H)
where
Q± = i
∫
dx0ψi± (∂1 ± ∂0)Xi
H =
∫
dx0
1
2
(
(∂1X
i)2 + (∂0X
i)2
)
P =
∫
dx0∂1X
i∂0X
i
Now the supersymmetry algebra is inconsistent with positivity of the left-hand side since
P can be indefinite. Let us now define
Q± =
1√
2
(
Q±Q∨)
– 31 –
J
H
E
P
0
7
(
2
0
1
5
)
0
1
3
Then the supersymmetry algebra reads
{Q,Q∨} = −2H
{Q,Q} = 2Z
{Q∨, Q∨} = 2Z
which is exactly the algebra that we found.
One way to resolve the contradiction is to also replace the Majorana condition with
ψ†γ1 = ψTγ0
We then get
Q†± = ∓Q±
and the supersymmetry algebra becomes consistent with positivity,
{Q±, Q†±} = 2 (H ± P )
Translated into the supercharges Q and Q∨, we should impose the reality conditions
Q† = −Q∨
Q∨† = −Q
This discussion applies to the case when time and space directions are orthogonal. This is
not the case if G5i = vi is nonvanishing, which we are mainly interested in here. In this case
we find additional terms in the Hamiltonian that are indefinite roughly corresponding to
momentum. There is no clean separation of this indefinite part in the Hamiltonian from the
positive semidefinite part in Lorentzian signature. But if we Wick rotate the scalar fields,
then the indefinite part becomes purely imaginary and we have a clean separation. In the
next section, we will see another stronger argument why we shall apply this Wick rotation.
Since we do not have the expected Majorana condition in this approach, we will not
attempt to pursue this direction further. What we have achieved so far is that we have
identified the BPS bound as the instanton charge. Due to its topological nature, this BPS
bound will be the same regardless we pick x5 or x0 as our time direction with respect to
which we define our charges. We will also see this below by explicit computations.
8 Time along x0 and corresponding charges
In 5d the 6d Gauss law (6.1) is nothing but the Am equation of motion. In 5d we can
consider the potential energy of the 6d Hamiltonian. If the fields are momentarily static,
then the potential energy will be equal to the full Hamiltonian. At the next instant of
time the fields will start to evolve with time if the initial field configuration was not at a
minimum of the potential energy, and this time evolution is difficult to capture directly in
the 5d theory. But we can at least obtain the potential energy of a static field configuration.
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We can not use the potential energy to derive the Hamilton equations of motion and
we can not use it for quantizing the theory. Another indication that we can not directly
use the potential energy as a Hamiltonian to quantize the theory, comes from the Gauss
law. In 5d this is nothing but the full equations of motion for the gauge potential Am. This
is certainly problematic, since if we use the equation of motion for Am in a path integral
quantization, then we are really just considering the classical field configuration, and we do
not include any quantum fluctuations there, which surely is an incorrect way of quantizing
the 5d SYM theory.
Still we can consider the potential energy as a classical field configurations that satisfy
the classical 5d equations of motion, and in particular the Am equation of motion which is
the 6d Gauss law. Here it will be useful and have a physical significance as the potential
energy of the system, and it can be used to understand the BPS bound and to derive BPS
equations, since these are classical equations of motion.
The potential energy should be equal to the 5d Lagrangian upon dimensional reduction
along time. For our case of 5d SYM, we will encounter a problem since our Lagrangian
is not positive semidefinite. But the energy in a supersymmetric theory must be bounded
from below by zero. The only resolution seems to be that we Wick rotate φm to the
imaginary axis, and our claim is that this Wick rotated Lagrangian is the 6d potential
energy of the corresponding classical field configuration. It is also important to note that
the Hamiltonian is an operator that does not see the signature of the time direction, so the
potential energy will be the same in both Euclidean and Lorentzian signature.
We thus Wick rotate φm to the imaginary axis, and for notational convenience, let us
do it in such a way that
Am = Am + iφm
for the new rotated hermitian field φm. Then we find that the 6d Gauss law is more
restrictive and this in turn cures the problem we found above. The Gauss law (6.1) splits
into two separate conditions
DmFmn = −i[φ′m, Dnφ′m]− i[ϕ,Dnϕ]
Dm (wmnϕ) = 0
We expand out the second condition
(Dmwmn)ϕ+ wmnD
mϕ = 0
If we contract this by vn, then we get
wmnw
mnϕ = 0
Note that the same conclusion follows from the 5d version of the Gauss law constraint (6.2).
If wmn = 0, then we have a trivial line bundle and the situation is essentially that of [10]. In
particular, the correction term (6.11) will be absent. Let us therefore assume that wmn 6= 0.
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In this case we get
ϕ = 0
Re(Fmn) = Fmn + i[φ′m, φ′n]
Im(Fmn) = Dmφ′n −Dnφ′m
The Hamiltonian is given by the Lagrangian where we put ϕ = 0 using the Gauss law,
H = Tr
[
1
4
(Fmn + i[φ
′
m, φ
′
n])
2 +
1
4
(Dmφ
′
n −Dnφ′m)2 +
1
2
(Dmφ′m)
2
]
= Tr
[
1
4
(Fmn)
2 +
1
2
(Dmφ
′
n)
2 +
1
2
Rmnφ′mφ
′
n +
1
4
(i[φ′m, φ
′
n])
2
]
(8.1)
This is manifestly Z2 invariant. Since ϕ = 0, we also have to satisfy the equation of motion
of ϕ, which amounts to the additional constraint
wmn
(
Fmn + i[φ
′
m, φ
′
n]
)
= 0 (8.2)
For example, if we consider S5 and we pick coordinates so that wmn is a selfdual Kahler
form on CP2, defined as the contact plane associated with the Killing vector vm, then we
find that selfdual instanton Fmn ∼ wmn is killed by (8.2), although it is difficult to see
what implications this condition has on other selfdual instanton solutions.
9 Vanishing theorem
To be able to derive a vanishing theorem from the BPS bound, we need to establish that
the Hamiltonian can be obtained from a supercharge. We claim that our supercharges,
when Euclidean time is along x0, is given by the integral of
j0 =
1
2
Tr
[
ψ(δψ)† + ψm(δψm)† + 2ψmn(δψmn)†
]
j∨0 =
1
2
Tr
[
ψ(δ∨ψ)† + ψm(δ∨ψm)† + 2ψmn(δ∨ψmn)†
]
over the five-manifold. There is no direct way that we can prove this since we do not have
access to the x0 direction in the 5d theory. We can guess this form by looking at the abelian
theory. We can also check that if we make supersymmetry variations of these charges, we
reproduce the Lagrangian, that as we have argued is equal to the potential energy, when
we use the Euclidean Gauss law that puts ϕ = 0.
First we find by making supersymmetry variations of the above j0 and j0∨, that
H =
∫
d5x
√
GTr
[
1
4
F¯mnFmn + (Dmφm)2
]
H∨ =
∫
d5x
√
GTr
[
1
4
F¯∨mnF∨mn + (Dmφ∨m)2
]
P =
1
4
∫
d5x
√
Gmnabc Tr
[
F¯∨mnFab
]
vc
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where H∨ = (Q∨)2 becomes equal to H = Q2 by using the Gauss law that puts ϕ = 0,
and then it also agrees with (8.1). In particular we see from (6.6) that F¯mn = F∨mn when
ϕ = 0. It then also follows that
P =
1
4
∫
d5x
√
GmnabcTr
[
FmnFab
]
vc
We find that
B(t) = H − f(t)P
is positive semidefinite, where
f(t) =
t−1 − t
t−1 + t
This is a consequence of (aQ+bQ∨)2 being positive semidefinite. Here we restrict ourselves
to t real, or a and b real. Since f(t) = f(−t), it suffices to consider the t ≥ 0 branch.
Since H is independent of t we learn that
B(u)−B(t) = (f(t)− f(u))P
If the BPS equations are satisfied at the point t, that is, if Vmn(t) = 0, Vm(t) = 0 and
V (t) = 0, then B(t) = 0. Since B(u) ≥ 0 for any other point u, we have that the left-hand
side is positive semidefinite. Now let us assume that P > 0. We then have to assure that
f(t)− f(u) ≥ 0 for any point u, which is possible only if t is maximum of the function f .
The only maximum of f(t) is at t = 0 where f(0) = 1. Similarly if P < 0, we must have
that t is a minimum, and the only minimum is at t =∞ where f(∞) = −1.
We have now shown the following vanishing theorem. If P > 0 then the BPS equations
have no solutions except for t = 0, and if P < 0 they have no solutions except for t =∞.
Finally we notice that when BPS equation are satisfied, we have that F5i = 0 so that
P =
1
4
∫
d5x
√
GijklTr
[
FijFkl
]
v5
If the length of the fiber is unity, we can trivially integrate over the fiber and reduce this
to an integral over the contact four space. Furthermore, we notice that 2∇iv5 = wi5 and
∇5v5 = 0 by the Killing equation, but in our coordinate system we in fact have that
∂5v5 = 0 since no metric component depends on x
5 explicitly, this being an isometry
direction, and we have that 0 = vmwmi = w5i by picking v
m = δm5 . We then notice that
(after Wick rotation) Fij = Fij + i[φi, φj ] + i(Diφj −Djφi) and then by using integrations
by parts and the Bianchi identity and ∇iv5, it is easy to show that
P =
1
4
∫
d4x
√
gijklTr
[
FijFkl
]
where we have also noted that v5 = G5mv
m = G55 = 1 in our choice of coordinates. Hence
we again find the same BPS bound as in (7.6).
– 35 –
J
H
E
P
0
7
(
2
0
1
5
)
0
1
3
9.1 The BPS equations revisited
We have learned that ϕ = 0, and that by the above vanishing theorem, there are three
points we need to analyze, α = 0 and α = ±1. The remaining case α = ∞ is related to
α = 0 by Z2 symmetry.
For the case α = 0 the BPS equations reduce to
Diφi = 0
φij = 0
Fij + i[φi, φj ] = 0
F5i = 0
φ5i = 0
Except the first equation, the remaining are in general solved by the complex flat connection
leading to
Am = −ig−1∂mg
φm = −g−1h−1(∂mh)g
where g = eiα(x) and h = eβ(x) with α(x) and β(x) being hermitian Lie algebra valued
functions. Then ϕ = 0 requires that β(x) is independent of x5 coordinate. Then the first
equation implies that
∇i(h−1∇ih) = 0
If Rij is positive definite, one also finds φi = 0. Hence the most general BPS solutions
when α = 0 with Rij positive definite, are flat gauge connections.
Let us now turn to the case α = ±1. Then the BPS equations read7
Diφi = 0
Fij + i[φi, φj ] = ±1
2
ijkl
(
F kl + i[φk, φl]
)
φij = ±1
2
ijklφ
kl
φ5i = 0
F5i = 0
together with the Gauss law constraint
wij (Fij + i[φi, φj ]) = 0
As before assuming Rij positive definite, one has φi = 0. Choose a gauge A5 = 0. Then the
last equation implies LvAi = 0. Then the second equation reduces to the selfdual instanton
equation
Fij = ±1
2
ijklF
kl
7We note that the second and third of these equations seem to agree with eqs (3.37) and (3.38) in [25].
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which is translation invariant along the Killing direction. Of course these are further subject
to the condition wijFij = 0.
Let us summarize: if Rij is positive definite, the most general BPS solutions are
either flat gauge connections, or contact instantons subject to the condition wijFij = 0.
These are both required to be translationally invariant along the Killing direction in the
Amv
m = 0 gauge.
10 Discussion
We would here like to speculate on possible applications of our twisted SYM theory.
One question one might try to address is whether our theory when it is put on S5, is
equivalent with other SYM theory that was obtained in [1–5]. One might try to answer
this question by computing the partition function and then one can compare the results.
The 5d theory is expected to have an S-duality. To illustrate this S-duality by a
concrete example, which has also been considered previously in the literature (see for
instance [26, 27]) we may consider S1 × S5 where S5 is a K-contact manifold and is a
Hopf circle-bundle of CP2. In other words, we have a two-torus fibered over CP2. In the
Euclidean case, we can consider dimensional reduction along either circle fiber and obtain
two different 5d theories. Either we can obtain a 5d theory on S5, or we can obtain a 5d
theory on S1×CP2 with an additional graviphoton term measuring the twisting of the Hopf
circle-bundle along whose fiber we reduce the 6d theory on S1×S5 down to S1×CP2. The
conjectured S-duality would now say that these two theories are equivalent. Optimistically,
the SO(4) twisted topological field theory that we construct here can be used for better
understanding this S-duality in the 5d sense.
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A Spinor conventions
We choose the following representation for the gamma matrices
Γ0 = δαβ ε
I
Jδ
i
j
Γm = (γm)αβ(σ
1)IJδ
i
j
ΓA = δαβ (σ
3)IJ(γ
A)ij
Here γm and γA denote SO(5) gamma matrices, and we use the convention that ε+− = 1,
ε−+ = −1 and ε++ = 0 = ε−−. The 6d chirality matrix is
Γ = Γ012345 = δαβ (σ
3)IJδ
i
j
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The spinor has chirality as ψα+i and the supersymmetry parameter has opposite chirality
α−i. The 11d charge conjugation matrix is
C = CαβIJCij
where IJ is antisymmetric with +− = 1. We have
Cαβ = −Cβα
We define complex conjugate as
Cαβ = (Cαβ)
∗
These have the property
CαβCβγ = −δαγ
We use these to raise and lower indices as
ψα = Cαβψ
β
ψα = ψβC
βα
This is iterated for multi-index objects as
ψαβ... = CαγCβδ · · ·ψγδ...
In particular we notice that
Cαβ = CαγCβδC
γδ
The defining property is
(γm)T = CγmC−1
The indices of these matrices must sit as
((γm)T )α
β = −Cαγ(γm)γδCδβ
Complex conjugation gives
(γm)αβ = −Cαγ((γm)γδ)∗Cδβ
where we used the relation (γm)T∗ = γm.
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B The Majorana condition after the twist
After the twist, the Majorana condition reads
(ψαi)∗ = ψαi
for both 6d chiralities. We can now also expand
ψαi =
1
2
(
ψCαi + ψm(γ
m)αi + ψmn(γ
mn)αi
)
where Cαi is the charge conjugation matrix of SO(5)′, and (γm)αi are gamma matrices of
SO(5)′. The expansion can be inverted to extract the coefficients
ψ =
1
2
Cαβψ
αβ
ψm =
1
2
(γm)αβψ
αβ
ψmn =
1
4
(γmn)αβψ
αβ
By complex conjugation
(ψαi)∗ =
1
2
(ψ∗Cαi + ψ∗m(γ
m)αi + ψ
∗
mn(γ
mn)αi)
we can read off the reality conditions of the components as
ψ∗ = ψ
ψ∗m = ψm
ψ∗mn = ψmn
C Closure of abelian 6d supersymmetry variations
C.1 Closure among Q
We check here the on-shell closure of the supersymmetry variations. First we find that
[δη, δ]Bm0 = 2iη∂0Bm0 + ∂mΛ0 − ∂0Λm
where the gauge parameter is
Λm = 2iη (Bm0 − φm)
Λ0 = 0
Next we get
[δη, δ]Bmn = 2iη
(
H+0mn − φmn
)
We require the right-hand side is equal to
2iη∂0Bmn + ∂mΛn − ∂nΛn
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and we get the equation of motion as the difference
H+0mn − φmn − (∂0Bmn + ∂m(Bn0 − φn)− ∂n(Bm0 − φm)) = 0
which we can simplify as
H+0mn −H0mn = 0 (C.1)
where we define
H0mn = ∂0Bmn + ∂mBn0 − ∂nBm0
Then if we use the definitions (2.5), the equation of motion (C.1) can be expressed as
H−0mn = 0
When closing supersymmetry on ψmn we will again need an equation of motion. We get
[δη, δ]ψmn = 2iη∂0ψmn
on the equation of motion
∂mψn − ∂nψm − mnpqr∂pψqr − 2iδCmn = 2∂0ψmn (C.2)
where we allow ourselves for a supersymmetry variation of Cmn (and δ denotes that super-
symmetry variation with the parameter  removed).
C.2 Closure among Q∨
To simplify the computation, we shall assume the self-duality H+0mn = H0mn here, which
will be fully justified later on.
We immediately get
[δ∨η , δ
∨
 ]φm = 2iη∂0φm
without using any equation of motion.
Closing on Bm0, we find
[δ∨η , δ
∨
 ]Bm0 = 2iη∂0Bm0 + ∂mΛ
∨
0 − ∂0Λ∨m
where the gauge parameter is
Λ∨m = 2iη(Bm0 + φm − 2vmϕ)
Λ∨0 = 0
Closing on ψm we get
[δ∨η , δ
∨
 ]ψm = 2iη∂0ψm
+2iηvm (−∂0χ+ vn∇nψ − 2∇nχn)
Closure is now consistent with assuming the following equation of motion
∇mψ + 2∇nψnm + vmwnpψnp − 1
2
mnpqrw
pqvrψn = ∂0ψm (C.3)
We get
[δ∨η , δ
∨
 ]ψmn = 2iη∂0ψmn
without using any equation of motion.
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C.3 Closure between Q and Q∨
Without using equations of motion, we get
[δ∨η , δ]φm = 2iηLvφm
where
Lvfm(x) = vn∇nfm(x) + 1
2
wmnf
n(x)
is the usual Lie derivative of the vector field fm(x).
We get
[δ∨η , δ]ψ = 2iηv
m∇mψ + iη(∂0χ+ 2∇mχm − vm∇mψ)
which closes upon the equation of motion (C.3).
We get
[δ∨η , δ]ψm = 2iηLvψm − 2iηvm (−∂0ψ +∇nψn)
which closes on the equation of motion
−∂0ψ +∇mψm = 0
We get
[δ∨η , δ]ψmn = iη
(
mnpqrv
r
(
−∂0ψpq +∇pψq − 1
2
wpqχ
)
+ 2 (∇mχn −∇nχm)
)
where
2 (∇mχn −∇nχm) = 2vp∇mψpn − 2vp∇nψpm + 2w[mpψ|p|n]
Using the Lie derivative expressed as
Lvψmn = vp∇pψmn + w[mpψ|p|n]
we get
2 (∇mχn −∇nχm) = 2Lvψmn − 2vp∇pψmn + 2vp∇mψpn − 2vp∇nψpm
We then further get
[δ∨η , δ]ψmn = 2iηLvψmn
+iη
(
mnpqrv
r
(
−∂0ψpq +∇pψq − 1
2
wpqχ
)
−2vp∇pψmn + 2vp∇mψpn − 2vp∇nψpm
)
This closes on the equation of motion
−mnrab∇rψmn − 2∂0ψab +∇aψb −∇bψa − wabχ = 0
from which we deduce that
Cmn =
1
2
wmnϕ
by matching with the equation of motion (C.2).
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